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1. Introduction 

In 1960 I. Richard Savage, a statistician, 
and Karl W. Deutsch, a political scientist, pub- 
lished a study of the 1928 trade flows among 
North Atlantic nations (Savage and Deutsch, 
1960). They employed an origin- destination in- 
dependence model to control for the substantial 
differences among countries in the sizes of their 
total imports and exports. Deviations -- 
measured by relative acceptance coefficients -- 
from this indifference or null model were inter- 
preted as indicators of the magnitudes of trade 
linkages. It was suggested that these values 
be employed as dependent variables in additional 
analyses which would seek to explain variation 
in trading ties on the basis of distance, politi- 
cal relations, etc. Subsequently, Leo A. Good- 
man, a statistician and sociologist, proposed 
that the model should be estimated in such a 
manner that zero values would be assigned to 
flows among nations with no trading relations 
(Goodman, 1963, 1964). Due to the difficulties 
of obtaining data on trade within countries and 
developing a theory to explain such commerce, 
Savage and Deutsch had themselves nullified the 
diagonals of their flow table and indifference 
model. 

A wide variety of transaction flow data -- 
for example, diplomatic and tourist exchanges, 
international mail deliveries, and newspaper and 
periodical circulations -- have been analyzed by 
these methods. Most of the applications and dis- 
cussions of the null model have been reported in 
the political science literature (Lijphart, 1964; 
Puchala, 1970; Clark and Welch, 1972; Hughes, 
1972; Chadwick and Deutsch, 1973; Clark, 1973; 

Mann and Chadwick, 1973; Seligson, 1973), while 
a few have appeared in geographical sources 

(Soja, 1968; Smith, 1970a, b; Williams and 
Zelinsky, 1970; Britton, 1971; Bradford, 1973). 

The major innovation and methodological de- 
velopment in this area since the work of Savage, 
Deutsch, and Goodman has been accomplished by a 
political scientist, Steven J. Brama (1966a, 
1966b, 1968a, 1968b, 1969). He used graph theo- 
retic algorithms to cluster and hierarchically 
structure political units on the basis of salient 
linkages; that is, relative acceptance coeffici- 
ents greater than some specified threshold level. 
[Nystuen and Dacey (1961), Filani (1972), Rouget 
(1972), Campbell (1972, 1974), and Taliaferro 
and Remmers (1973) also employed graph theory to 
study transaction flows. They did not, however, 
focus on deviations from an origin- destination 
independence model as Slater (1974) did in 
studying interindustrial flow tables. Fisher 
(1969) employed a "lockstep progressive merger 
procedure ", while Ghosh (1970) and Roy (1971) 
minimized a contiguity index in structuring 
interindustry tables.] 
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A 51 x 51 matrix classifying the entire Fall 
1968 American college student population by state 
(and District of Columbia) of residence and en- 
rollment is the subject of the transaction flow 
analysis reported here. These data were compiled 
through the intensive efforts of the National 
Center for Educational Statistics (Wade, 1970, 

1971). 2,445 of the 2,495 institutions of higher 
learning to which questionnaires were sent re- 
sponded. The residence -enrollment patterns of 
the 50 non -responding institutions were imputed 
on the basis of a 1963 survey. Information was 
collected and published on a more disaggregated 
basis (sex, type of college, and degree program) 
than that studied here. Data for individual in- 

stitutions have not been released. Post -1968 

surveys have not been conducted and are not, at 
present, planned due to both the expense involved 
and recent legal decisions which have allowed 
many students to become in -state residents and 
thus avoid discriminatory fees levied against non- 
resident students. 

The approach of Brans is paralleled to a con- 
siderable extent in this investigation of these 
flow data. However, in addition to an origin - 
destination independence model, models of sym- 
metry and quasi -symmetry are also estimated. 
(Non -diagonal cell estimates in these two models 
are independent of the omission or inclusion of 
the diagonal entries.) Departures from these two 
models reflect imbalances of flows between pairs 
of states. The quasi -symmetry analysis controls 
for the fact that total outflows from states are 
unequal to total inflows, while the symmetry 
study does not. Residuals -- not relative ac- 
ceptance coefficients -- are utilized in all three 
analyses, as measures of deviation, due to their 
greater resistance to fluctuations in the ratios 
of small observed to expected values. Questions 
concerning the distribution of the sizes of "con- 
signments" do not arise here, as they can in 
trade flow studies (Savage and Deutsch, 1960; 
Goodman, 1963). Unlike each monetary unit ex- 
pended in trade, each individual student is an 
essentially independent unit. 

2. A Quasi- Independence Model 

The multiplicative model 

xij = ricj, 

where xij is the number of Fall 1968 American stu- 

dents resident in state i enrolled in all insti- 
tutions of higher learning in state j was esti- 
mated. The diagonal entries, are typically 

omitted from transaction flow analyses. Their 
values are often unavailable or, if available, of 
dominant magnitudes that strongly perturb estima- 

tion procedures. Since a line (loop) from a point 
to itself is not an admitted concept in the theory 
of directed graphs, the diagonal entries are, in 

(1) 



any case, irrelevant in directed graph (digraph) 
studies. Iterative techniques which are neces- 
sary for the estimation of (1), if any of the 

-cells are disregarded (Goodman, 1968), were 
employed in this study due to the omission of the 
diagonal cells. (The extents to which students 
attend colleges in their states of residence are 
not, therefore, revealed in the results presented 
here.) (1) is, in such cases, referred to as a 
quasi -independence model. 

One of several asymptotically equivalent 
formulas for the residuals from this model 

(xij - ricj) /(ricj) (2) 

is employed as a measure of deviation, not rela- 
tive acceptance coefficients 

(xij - ricj) /ricj 

nor absolute deviations 

(3) 

xij - ricj (4) 

[The solution of a set of 102 (51 + 51) normal 
equations could have been used to adjust the 
standardized residuals (2) for their asymptotic 
variances (Haberman, 1973). However, consider- 
able cost would have been involved in computing 
the adjustments. In addition, modifications 
would have been small, since no state had more 
than thirteen percent of all the Fall 1968 out - 
of -state students resident or enrolled in it. 
For exploratory purposes, therefore, the stand- 
ardized residuals appeared adequate.] 

Residuals incorporate a square root scale. 
They are, consequently, in a sense intermediate 
between relative acceptance coefficients (logar- 
ithmic scale) and absolute deviations (original 
scale). Brams could conceivably have employed 
residuals in his studies. He expressed dissatis- 
faction with the exclusive usage of either rela- 
tive acceptance coefficients or absolute devi- 
ations, since the former were biased against na- 
tions with large trade flows, while the latter, 
on the other hand, gave undue importance to 

relatively small changes in large trade flows. 
Therefore, his standards for classifying linkages 
as salient required that both these measures had 
to be greater than certain levels (Brams, 1966a). 

There are 2,550 (51 x 51 - 51) residuals 
from the quasi- independence model (1). A salient 
linkage criterion which sets all residuals 
greater than some chosen threshold to 1 and all 

other residuals to 0 can, of course, be estab- 
lished in many ways. It would be of interest to 
vary thresholds and observe how interrelation- 
ships revealed by the application of graph - 
theoretic procedures are altered (Gotlieb and 
Kumar, 1968; Doreian, 1969; Auguston and Minker, 
1970; Osteen, 1974). The stability of relation- 
ships could be evaluated by doing so, as in 

clustering by fuzzy sets (Zadeh, 1965). 

After preliminary investigation of the ma- 
trix of residuals, it was decided to set the 150 

largest residuals to 1 and the remaining 2,400 to 
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O. The 151st largest residual, 46.3, was found 
with the use of a partial sorting algorithm 
(Chambers, 1971). If only a few order statistics 
are required, this method yields the desired in- 
formation at less expense than if complete sorts 
are performed. This choice was made to strike 
a balance between richness of detail, signifi- 
cance of conclusions, and ease of computation and 
presentation. The results obtained are displayed 
in Figure 1. (The states of Alaska and Hawaii 
are represented by circles. Readers unfamiliar 

with the names and locations of the states should 
refer to a map which yields such information.) 
If the ij -entry of the Boolean adjacency matrix 

obtained by use of 46.3 as a threshold is 1, an 
arrow is directed from state i to state j. This 

indicates that state i sent substantially more 
students to state j than would be expected if the 
null model held. There is, of course, extensive 
departure from (1) because factors such as dis- 
tance, tuition differentials, and quality of edu- 
cational facilities are not accounted for in it. 

A summary measure of the degree to which it fails 
to hold is given by the percentage discrepancy 
statistic 

- ricjI) /EE xij for all xij, ikj (5) 

The numerical value of this statistic is the per- 
centage of the 1,104,622 students attending out - 
of -state colleges in the Fall of 1968 that would 
have had to have been redistributed in ordei to 
achieve quasi- independence (Brams, 1966a). It was 
computed to be 40.7. Since the maximum possible 
value is 50, state of residence and state of en- 
rollment are strongly associated. Most of the 150 
salient linkages are, in fact, between contiguous 
pairs of states, while the remainder occur between 
relatively proximate pairs. (It should be rea- 
lized that there are certainly substantial within - 
state effects present in the data. Residents of 

one section of a state might have different pre- 
ferences for out -of -state colleges than those of 

another.) 

By exponentiating a 51 x 51 Boolean matrix 
with 201 non -zero entries (150 for the saliences 

plus 51 on the main diagonal), the reachability 
matrix of the digraph formed by the 150 links can 
be obtained (Harary et al., 1965). [The power to 
which it is necessary to raise the matrix is 

termed the diameter of the graph. Algorithms for 
the multiplication of sparse Boolean matrices were 
employed for this purpose (IBM, 1970). These were 
much more efficient than conventional matrix mul- 

tiplication routines would have been. Graph al- 

gorithmic programming languages that are also of 

value in computing reachability matrices have been 

developed (Rheinboldt et al., 1972).] One state 
(A) is reachable from another (B) if a sequence of 

directed links exists from B to A. Strong compon- 

ents -- which may be interpreted as regions -- of 
the graph can be easily determined from the reach- 

ability matrix. These are maximal sets, any mem- 
ber of which is reachable from any other. 

The graph formed by the 150 salient linkages 

was found to possess five strong components. Two 

of them were sets consisting of single states -- 

Alaska and Montana. The other three were non- 



trivial. One was a western region composed of 
Arizona, California, Hawaii, Idaho, Nevada, 
Oregon, Utah, and Washington. Another was a 
northeastern region comprised of Connecticut, 
Delaware, Maine, Massachusetts, New Hampshire, 
New Jersey, New York, Pennsylvania, Rhode Island, 
and Vermont. The fifth region was a large dif- 
fuse one comprised of the remaining thirty (mid - 
western and southeastern) states plus the Dis- 
trict of Columbia. Virginia, a member of this 
region, was reachable from another member, Colo- 
rado, in a minimal path of nine links. (The di- 
ameter of the graph was thirteen.) 

If the threshold for saliences were raised, 
more regions (strong components) with fewer 
states would result. By lowering the threshold, 
on the other hand, coarser regional distinctions 
would appear. When, during preliminary investi- 
gations, the largest 330 residuals were deemed 
salient, every state was reachable from every 
other one. Therefore, there was only one strong 
component or region, the entire nation. 

One of the most interesting aspects of re- 
gionalizing in this fashion is isolating the 
links, if any, between the strong components. 
Since an acyclic digraph is obtained by con- 
densing a digraph with respect to its strong com- 
ponents, no two strong components can be mutually 
salient. For example, Montana and Alaska -- both 
strong components -- are each salient to the same 
member of the western region -- Washington. How- 
ever, no member of the western region is salient 
to either of these two states, thus preventing 
their incorporation into it. Wyoming, a con- 
stituent of the largest region, is salient to its 
neighboring states of Montana and Utah, but 
neither Montana nor any western state is salient 
to Wyoming. Pennsylvania, which is in the north- 
eastern region, is salient to two states that it 
borders, Ohio and West Virginia. However, the 
only states salient to Pennsylvania are other 
northeastern ones -- Delaware, New Jersey, and 
New York. 

Strong components may contain cliques; that 
is, maximal complete subgraphs. Every member of 
a clique is salient to every other member. There 
are five three -state cliques in the 150 -link di- 
graph. These are {Idaho, Oregon, Washington }, 
{California, Oregon, Washington }, {Connecticut, 
Massachusetts, New York }, {Alabama, Mississippi, 
Tennessee }, and {Alabama, Georgia, Tennessee }. 
Clearly, cliques need not be mutually exclusive, 
in the manner of strong components. [Gotlieb 

and Kumar (1968) combine overlapping cliques to 
obtain "diffuse" classes.] Therefore, the latter 
are more appropriate for regionalization pur- 
poses. [Taliaferro (1973) regionalized the 
counties of Kansas on the basis of weak compon- 
ents; that is, maximal sets of counties all mu- 
tually reachable by sequences of undirected 
links. The weak components of a digraph are the 
strong components of the digraph's symmetric clo- 
sure (Harary et al., 1965; Harary and Miller, 
1970).] 
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3. A Symmetry Model 

A quasi -independence model can be estimated 
for any rectangular table of counts. The study 
of square tables of counts -- where row and 
column classifications coincide -- is richer, 
however, in that models of symmetry and quasi - 
symmetry can also be estimated (Ireland et al., 
1969). Under an hypothesis of symmetry, the 

estimate of the ij or ji cell of a square table 
is simply 

(x 2 (6) 

These values were computed for the Fall 1968 
student flow table. The associated 2,550 resid- 
uals were then calculated, and the 150 largest 
were again deemed salient. (The 151st largest 
residual was 12.1. 21.8 percent of the students 
would have had to have been redistributed for 
symmetry to hold.) These saliences are exhibited 
in Figure 2. An arrow directed from state i to 
state j indicates that state i sent substantially 
more students to state j than it received from 
state j. For several reasons, however, Figure 2 

would be unacceptably complex if arrows were used 
to represent all 150 saliences. One reason is 
that contiguity is not as prominent a factor as 
in Figure 1, while another is that there can be 
no two -headed arrows in Figure 2. Also, a very 
high density of emitted saliences was found in 
the neighboring states of Connecticut, New 
Jersey, New York, and Pennsylvania. Therefore, 
symbols are used to represent most of the sa- 
liences directed from these four states. 

In addition to transmitting to 32 states 
plus the District of Columbia, the matrix of re- 
siduals revealed that all of the other fifty 
units received more students from New Jersey than 
it sent there. Even to New York, which itself 
transmitted to 29 units (including Pennsylvania, 
which transmitted to 19), New Jersey sent 24,534 
students, while receiving only 6,689 in return. 
Overall, 16,831 out -of -state students were en- 
rolled in New Jersey's institutions of higher 
education, while 116,536 New Jerseyites were at- 
tending colleges outside their home state. 

Another interesting aspect of Figure 2 is 
the large number of saliences incident to Utah. 
This phenomenon is probably in large part at- 
tributable to Mormon students enrolling in 
Brigham Young University. The catalog for this 
school, like many others, lists the states and 

foreign areas from which the students come. As 

of August 18, 1969, 9,513 of 27,277 students were 
from Utah. 16,348 were from the other 49 states 
plus the District of Columbia. In the eastern 
portion of the nation, Tennessee has a dominant 
role similar to Utah's in the west. Tennessee 
and Utah -- in strong contrast to New Jersey -- 
have large net inflows of students. (Tennessee 
received 31,763 and sent 12,973, while the com- 
parable data for Utah were 19,108 and 3,047.) 
The quasi -symmetry model controls for such dif- 
ferences between inflows and outflows. 

Several of the one -way linkages under the 



quasi - independence model (Figure 1) are shown in 
Figure 2 to also be strongly asymmetrical. (For 

example, Wyoming Utah; Montana Washington; 
Florida Tennessee.) Also, some two -way link- 
ages exhibit the same property. (Illinois 
Indiana; Florida Georgia; Idaho Utah, for 
instance.) As an illustration of the magnitude 
of the 150 asymmetries, a few -- not 
any systematic basis -- are listed. 

selected on 

sent 12,052 to Wisc. and recd. 2,428. 
Iowa " 2,428 " Neb. 

it it 

725. 

Maryland " 1,903 " N. C. 193. 
Pa. " 6,080 " W. Va. 

II II 
428. 

New York " 1,083 " Arizona " " 109. 
Florida " 997 " Miss. " II 

154. 

There are no cycles (intransitivities) in 
Figure 2. If one unit can be reached by a series 
of directed links from another unit, there is, 
therefore, no return path. Hence, there are no 
non -trivial strong components. The points in 
such an acyclic digraph can be hierarchically 
ordered so that a point is assigned to a kth 
level if, and only if, the longest path to the 
point is of length k (Brans, 1968a, b, 1969; 

Rouget, 1972). A point at any level of the hier- 
archy is either salient to a point at the next 
higher level or has a salience from a point at 
the immediately preceding level. Table 1 pre- 
sents the hierarchical arrangement -- based on 
seven levels -- for the digraph of Figure 2. 

(Since Arkansas and North Dakota are isolated, 
that is, have no saliences associated with them, 
they are omitted from the table.) No state is 
salient to New Jersey (6), while Maine (0), for 
instance, is not salient to any other state. 

Maryland (3) is salient to Ohio (2), which in 
turn is salient to Kentucky (1). Two states, 

not at adjacent levels, can be salient. However, 

the salience must be directed from the higher 
level to the lower level. 

4. A Quasi -Symmetry Model 

The marginal (row and column) sums of the 

cell estimates in the quasi- independence model 

(1) and the sums of symmetrically located pairs 

of cell estimates in the symmetry model (6) are 

identical 'to the corresponding sums in the flow 
table. By iteratively constraining a 51 x 51 
table, the entries of which are all initially 
equal, to possess first one and then the other of 
these two properties, convergence to estimates 
under an hypothesis of quasi -symmetry can be ob- 
tained. Cell estimates in such a model are the 

closest possible -- in the sense of minimum dis- 
crimination information -- to being symmetric, 
given that the marginal sums are inhomogeneous; 
that is, the sums of rows and columns correspond- 

ing to the same classifications are unequal (Ire- 

land et al., 1969). The 150 largest residuals 
from the quasi -symmetry model are presented in 

Figure 3. The 151st largest residual was 6.9. 
11.5 percent of the students would have had to 

have been redistributed for quasi -symmetry to 

hold. Since symmetry is equivalent to quasi - 

symmetry plus marginal homogeneity, the differ- 

ence, 10.3, of the two percentage discrepancy 
statistics, 21.8 and 11.5, is the percentage of 
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departure from (6) attributable to marginal in- 
homogeneities. 

New Jersey is salient to nine states in 
Figure 3, a considerable decline from the 33 sa- 
liences in Figure 2. By controlling for the 
large disparity between the number of students 
leaving New Jersey and the number entering, most 
of the asymmetries under (6) were diminished. 
Similarly, the saliences associated with Connec- 
ticut were reduced from 11 to 4. (20,884 out -of- 
state residents were enrolled in Connecticut's 
colleges, while 42,965 Connecticut residents at- 
tended college outside the state.) Interestingly, 
Virginia, also a substantial net exporter of stu- 
dents, has a salience from Connecticut under the 
hypothesis of quasi -symmetry, but not symmetry. 

On the other hand, the number of saliences as- 
sociated with Pennsylvania increased from 19 to 
22. (Pennsylvania was a relatively weak net ex- 
porter of students, receiving 62,302 and sending 
76,420.) New York's saliences decreased in num- 
ber from 29 to 27. (New York received 69,424 
students and sent 135,981.) The number of sa- 
liences from Ohio increased from 6 to 11. (Ohio 
was a net importer, receiving 57,428 and sending 
50,215.) Florida is shown in Figure 3 to be a 
strong attracter of students from Northeastern 
states, possibly for climatic reasons. (Climatic 
differences may also explain Minnesota's salience 
to California.) California and Hawaii have ex- 
ceptional appeal for Florida residents. The num- 
ber of saliences to Utah decreased, while those 
to Tennessee and Texas increased. 

Perhaps the most surprising salience revealed 
in Figure 3 is that of Oregon to Pennsylvania. 
Its presence results in the digraph associated 
with Figure 3 being cyclic, in contrast to the 
acyclic digraph corresponding to Figure 2. (For 
instance, Pennsylvania California, California 
Oregon, Oregon Pennsylvania. This is not, how- 
ever, the maximal cycle containing the Oregon 
Pennsylvania link.) In the Fall of 1968, Pennsyl- 
vania sent 82 students to Oregon, while Oregon 
sent 225 to Pennsylvania. Oregon received roughly 
a quarter more students than it sent, while 
Pennsylvania sent approximately a quarter more 
than it accepted from out -of- state. 

5. Conclusions 

Substantial departures from quasi- indepen- 
dence, symmetry, and quasi -symmetry models of the 
Fall 1968 state -to -state table of college students 
occur. By concentrating on the largest residuals 
from these models, with the use of graph theoretic 
procedures, dominant patterns of deviations can be 
perceived. The procedures employed are of general 
value in analyzing the rich body of transaction 
flow data. 
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TABLE 1 

Hierarchical ordering of states based on 150 largest 
residuals from symmetry model 

Level 

6 

5 

4 

3 

2 

1 

States 

New Jersey 

Connecticut, New York 

Pennsylvania 

Florida, Maryland 

Alaska, Hawaii, Illinois, Montana, Ohio, 
South Carolina 

Arizona, California, Delaware, Georgia, 
Idaho, Iowa, Kentucky, Nevada, New Mexico, 
Virginia, Washington, Wyoming 

Alabama, Colorado, District of Columbia, 
Indiana, Kansas, Louisiana, Maine, 
Massachusetts, Michigan, Minnesota, 
Mississippi, Missouri, Nebraska, New 
Hampshire, North Carolina, Oklahoma, 
Oregon, Rhode Island, South Dakota, 
Tennessee, Texas, Utah, Vermont, West 
Virginia, Wisconsin 

Figure 1. 150 largest residuals from quasi- independence model, 
and regionaliretipn based upon strong components. 
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Figure 2. 150 largest residuals from symmetry model. 
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Figure 3. 150 largest residuals from quasi -symmetry model. 
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